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ON FUNDAMENTAL HARMONIC ANALYSIS OPERATORS IN CERTAIN 

DUNKL AND BESSEL SETTINGS 

ALEJANDRO J. CASTRO AND TOMASZ Z. SZAREK 



f— j ■ Abstract. We consider several harmonic analysis operators in the multi-dimensional context 

of the Dunkl Laplacian with the underlying group of reflections isomorphic to ZJ (also negative 

5^ ■ values of the multiplicity function are admitted). Our investigations include maximal operators, 

ft' ^-functions, Lusin area integrals, Riesz transforms and multipliers of Laplace and Laplace- 

Stieltjes transform type. Using the general Calderon-Zygmund theory we prove that these 

£— v ' objects are bounded in weighted L p spaces, 1 < p < oo, and from L into weak L . 



1. Introduction 



< 

u 

r S^ [ In [5] the authors considered various harmonic analysis operators in the Bessel context asso- 

ciated with the (modified) Hankel transform. The present paper is a continuation and extension 
of that research. We investigate several harmonic analysis operators such as heat and Poisson 
semigroups maximal operators, Littlewood-Paley-Stein mixed ^-functions, mixed Lusin area inte- 
grals, higher order Riesz transforms, multipliers of Laplace and Laplace-Stieltjes transform type 
(noteworthy these multipliers cover, as special cases, imaginary powers of the Dunkl Laplacian) 

f— n ■ in a more general Dunkl setting with the underlying group of reflections isomorphic to ZJj. In 

ON , fact, after restricting to reflection invariant functions this Dunkl situation reduces to the one 

from [5]. However, some objects of our interest are defined in a slightly different way than in 
[5]. This pertains to higher order mixed square functions and Riesz transforms; see the comment 

(T) ■ following Proposition 12.81 Moreover, in comparison with j3], we investigate also mixed Lusin 

area integrals. Consequently, our present research delivers also new results in the Bessel setting. 
For basic facts concerning the Dunkl framework we refer the reader to the survey article by 
Rosier |17| . Here, we invoke only the most relevant definitions, which will be needed for our 
purposes and, in particular, are connected with the special case when the group of reflections is 
isomorphic to Z^. 

We will work in the space M n , n > 1, equipped with the doubling measure 

n 

dw\(x) = T [ \xj\ 2 j dx, x = (x\, . . . , x n ). 

3=1 

The multi-index A = (Ai, . . . , A n ) represents the multiplicity function and will always be assumed 
to belong to (— 1/2, oo) n '. Notice that negative values of the multiplicity function are admitted. 
We consider the group of reflections G generated by <t,-, j = 1, . . . , n, 



®3 \^1 j ■ ■ ■ j 3*3 1 • • • ■> •^n) — \%1 1 ■ ■ ■ ; % 
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2 A.J. CASTRO AND T.Z. SZAREK 

Clearly, the reflection Gj is in the hyperplane orthogonal to the jth coordinate vector. The 
associated differential-difference operators 

T J x f(x) = d Xj f(x) + x / {x) ~ f{ajX \ fec\m n ), j = i,...,n, 

Xj 

form a commuting system. The Dunkl Laplacian is defined in a natural way as 

n 
3=1 

This operator will play in our context a similar role to that of the Euclidean Laplacian in the 
classical harmonic analysis. Obviously, the trivial choice of the multiplicity function (A = 0) 
reduces our situation to the analysis related to the classical Laplacian. 

The study of harmonic analysis operators in the Dunkl setting has been carried out by many 
authors in recent years. In particular, in a general Dunkl context the unweighted LP mapping 
properties for the heat and Poisson semigroups maximal operators were implicitly established by 
Thangavelu and Xu in |22| . Recently the latter objects were studied also by Li and Liao [9] in the 
one-dimensional situation. Riesz transforms in the Dunkl setting have also drawn considerable 
attention. LP mapping properties of the first order Riesz transforms were investigated in the 
one-dimensional situation by Thangavelu and Xu [23j and then by Amri, Gasmi and Sifi in [2]. 
Later on Amri and Sifi [3J developed a variant of Calderon-Zygmund theory, which turned out 
to be well suited to the general Dunkl framework and, in particular, allowed them to obtain 
unweighted LP bounds for the first order Riesz transforms. All the above mentioned papers, 
however, contain a constraint on the multiplicity function, namely nonnegativity is required. 
Here, investigating the case when G ~ "LV^, we are not so restrictive and allow the multiplicity 
function to be negative. Our considerations fit into a recent line of research connected with 
analysis for "low" values of type parameters, which was developed in the Bessel [5], Jacobi |11| 
and Laguerre |16| settings. Furthermore, in comparison with (2J [3J [221 E3] we obtain weighted 
LP estimates with a large class of weights admitted. 

This research is also motivated by results obtained recently in a discrete context of the Dunkl 
harmonic oscillator associated with the Dunkl Laplacian A\. This concerns especially results 
contained in the papers |13 1 ll4 | [20 l l21|. where weighted LP mapping properties were studied for 
several operators such as Riesz transforms, imaginary powers of the Dunkl harmonic oscillator, 
^-functions and Lusin area integrals, and multipliers of Laplace and Laplace-Stieltjes transform 
type, respectively. It is worth pointing out that more recently in [T] some unweighted LP results 
for Riesz transforms in a general Dunkl harmonic oscillator context were proved. 

The main objective of our paper is to analyze LP mapping properties of various harmonic 
analysis operators related to the Dunkl Laplacian setting. The main result of the paper, The- 
orem [27T] below, says that the heat semigroup maximal operator, Littlewood-Paley-Stein mixed 
g- functions, mixed Lusin area integrals, higher order Riesz transforms and multipliers of Laplace 
and Laplace-Stieltjes transform type are bounded on weighted L p , 1 < p < oo, spaces and are 
of weighted weak type (1, 1) for a large class of weights. To prove this we exploit the method 
from |14| , see also |20| , which allows us to reduce the analysis to the smaller space (R™ , dw~^ ) 
(here and later on dw~j~ is the restriction of dw\ to W] = (0,oo) n ) and appropriately defined 
Bessel- type operators emerging in a natural way from the original ones. Next, see Theorem 12.31 
below, we show that these auxiliary operators can be interpreted as (vector-valued) Calderon- 
Zygmund operators associated with the space of homogeneous type (M™ , dw~^ , | • | ) . The main 
technical difficulty connected with this approach is to prove the relevant standard estimates for 
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the kernels involved. The technique we use has its roots in previous papers, see [5J [16] and 
references given there. As a consequence, by means of standard arguments, we obtain also sim- 
ilar results for analogous operators based on the Poisson semigroup. This, however, is not so 
straightforward in the case of Lusin area integrals, where more delicate analysis is needed; see 
the proof of Proposition 12.81 The proof of this result gives also an intuition how to deduce a 
similar result in the Dunkl harmonic oscillator context, see the comment following the statement 
of [201 Theorem 2.7]. 

The paper is organized as follows. Section [2] contains the setup, definitions of all investigated 
objects in the Dunkl setting and statements of the main results. We define Bessel-type operators 
related to the space (R™ , dwt , | • | ) and reduce proving the main theorem to showing that these 
auxiliary operators are (vector- valued) C alder on- Zygmund operators related to this smaller space. 
This section ends with various comments pertaining to the main results. In Section [3] we prove 
that the Bessel-type objects are L 2 (dw^)-hounded. Finally, in Section [J] we obtain standard 
estimates (see (|2.6p - (|2.8p below) for all kernels associated with the Bessel-type operators. This 
is the most technical part of the paper. 

Notation. Throughout the paper we use a fairly standard notation with essentially all symbols 
referring to the spaces of homogeneous type (R n , dw\, | • |) and (M™ , dw~^, | • |). Here and later on 
dw^ stands for the restriction of dw\ to R™ . For the sake of clarity, we now explain all symbols 
and relations that might lead to a confusion. We denote by C^°(MJ\_) the space of smooth and 
compactly supported functions in R™. By {f-,g)^ w + we mean J R „ f(x)g(x) dw^(x) whenever the 

integral makes sense. By L P (R™ , Udw^) we understand the weighted L p (dw~^) space, U being a 
nonnegative weight on R™ ; we write simply L v (dw~^) when U = 1. Further, for 1 < p < oo we 
write A p ' for the Muckenhoupt class of A p weights connected with the space (R™ , du>^~ , | • |). 
Given x, y G R™ , (3 G R n and M G N n , N = {0, 1,2,.. .}, we denote 

1 = (1,...,1)GN", 
|A| =Ai + ... + A n , 

|x| = (xi + . . . + x n ) ' , (Euclidean distance) 

B(x,r) = {y G R+ : \y - x\ < r}, r > 0, (balls in R") 

xy = (xiyi,...,x n y n ), 
x V y = (max{xi,yi},...,max{3; n ,y n }), 
xAy= (min{xi,yi},...,min{x n ,y n }), 

™P ™Pl ry-Pn 

Jy Jj^ ... J^ n , 

x < y = Xj < yj, j = l,...,n, 

[x\ = (max{/c eZ:K x\}, . . . , max{A; eZ:K x n }), (floor function) 

M = (Mi, . . . ,Mn), M~ = Mj - 2[M j /2\ = X{Mj is odd}, 

(T X ) M = (T^) Ml o . . . o (T*) Mn . 

In an analogous way we define C^°(R n ), (f,g)dw x an d i p (R n , Wdw\). Furthermore, if x,y G R n 
and /3 G N n we understand the objects xy, x@ , \x\ and relation x < y in the same way as 
above whenever it makes sense. We shall also use the following terminology. Given r] G ZJj, we 
say that a function /: R n — > C is ^-symmetric if for each j = 1, . . . , n, / is either even or odd 
with respect to the jth coordinate according to whether rjj = or r]j = 1, respectively. If / is 
(0, . . . , 0)-symmetric, then we simply say that / is symmetric. Further, if there exists r] G Z£ 
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such that / is 77-symmetric, then we denote by / + its restriction to R™ . Finally, /„ stands for 
the 77-symmetric component of /, namely 

»?e{o,i} n ee{-i,i} n 

Conversely, if / : W}_ — > C, then by f v we mean the ^-symmetric extension of / to the space R n , 



i.e. 



e^fiex), if x G (R \ {0}) n and e G {-1, l} n is such that ex G R!£ 



/"(x) 



+ • 



0, if xi (R\{0}) n . 

While writing estimates, we will use the notation X < Y to indicate that X < CY with a posi- 
tive constant C independent of significant quantities. We shall write X ~ Y when simultaneously 
X < Y and Y < X. 

2. Preliminaries and main results 

Let A G ( — 1/2, oo) n . For z G R n we consider the functions i\)\ and tp%, which are given as the 
tensor products 

n n 

^(x) = H^4(x j ), <^(x) = U<p X 4(x j ), x G R n , 

3=1 j=i 

(2.1) ^ z ] (xj) = ip z ] (xj) + ixjZjifz] (xj), j = 1, . . . , n, 

where the function tpzj(xj) is even with respect to both Xj and Zj and it is given by 
x j( , = Jx.-iMxjZj) = ~ (-ir(x^/2) 2 - 

^ l j; (xj-z,-)^ -172 ^0 2 Aj_1/2 ™ ! r (™ + a j + 1/2) ' 

Here J u denotes the Bessel function of the first kind and order v, cf. |24| . It is known that for each 
z G R n , the function ^ is an eigenfunction of the Dunkl Laplacian A x with the corresponding 
eigenvalue \z\ 2 = z\ + . . . + z 2 . More precisely, 

(2.2) A A ^ A = M 2 ^\ z G R n . 

The Dunkl transform connected with the Dunkl setting associated with G ~ Zg is defined for 
sufficiently regular functions, say / G C£°(R n ), by 

1 



D ^ z ) = ™ / ^ A (x)/(x) dw x (x), z G R n . 

It is known that the Dunkl transform is an isometry in L 2 (dw x ) and its inverse D x is given 
by D\f{z) = D\f(—z). For A G [0,oo) n this follows from the general Dunkl theory, see [6] 
Theorem 4.26], and for A G (— l/2,oo) n it can easily be deduced from the one-dimensional result 
|12t Proposition 1.3]. Note that for A = the Dunkl transform is just the classical Fourier 
transform. 

We consider the nonnegative self-adjoint extension of A_\, which will be still denoted by A\, 
defined by 

A x f = D x (\z\ 2 D x f(z)) 

on the domain 

Dom(A A ) = {/ G L\dw x ) : \z\ 2 D x f(z) G L 2 (dw x )}. 
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It has the integral representation 



The heat-Dunkl semigroup {W A }i>o = {e A }t>o generated by — A x is given on L 2 (dw x ) by 

^/^(e^l^D^)). 



Wtf(x)= GUx,y)f(y)dw x (y), xel", t > 0, 
with the kernel 
(2.3) G x (x,y) = ^ ^ (xyrW t X+ri (x,y), *,yGR™, t > 0, 



2^ 

»je{o,i}« 



where 



*?(*.*) = T^exp ( - l(|x| 2 + M 2 )) II(^)" Ai+1/2j A i -i/2(^), *,» € R», t > 0. 

Here I u denotes the modified Bessel function of the first kind and order v > — 1, cf. \2A\ p. 395] 
or [5j (1.1)]. Moreover, 

M£) = f (f> 2ro 2£R , „>_!. 

^ Z^ 2 v m\T{m + v+ 1) 

m=0 ' 

Observe that W^{x,y) restricted to (x,y) G R" x R" is the heat-Bessel kernel considered for 
instance in [HE]. 

Now we are ready to introduce the main objects of our study, which are defined initially in 
L 2 {dw\) in the cases (l)-(4) and (6), or in C (the space of smooth L 2 (du;A)-functions whose 
Dunkl transform is also smooth and compactly supported in R™ \ {0}) in the case of Riesz 
transforms (5). 

(1) The heat-Dunkl semigroup maximal operator 

w A /=|K/|U (dt) . 

(2) Littlewood-Paley-Stein type mixed g-functions 

9 X k,mV) = \K(T x ) M W}f\\ L2(t2K+lMl _ ldty 

where M G N n , K G N, \M\ + K > 0. 

(3) Multipliers of Laplace transform type 

Mif = D x (mD x f), 

where m(z) = \z\ 2 / °° e~ l \ z \ 2 <5>{t) dt with $ G L°°(dt). 

(4) Multipliers of Laplace-Stieltjes transform type 

Mif = Dx(mD x f), 

where m(z) = fi 0oo \ e _ *' z ' du(t), with v being a complex Borel measure on (0, 00). 

(5) Riesz transforms of order M 

R X M f = {T x ) M b x {\z\~\ M \D x f{z)), 
where M G N n and \M\ > 0. Note that similar arguments to those used in the proof 

l M 



of Proposition 12.41 (the case of R^' ), see Section [3] below, show that C is dense in 



L\dw x ). 
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(6) Mixed Lusin area type integrals 

3U(/x*) = ( [ t^ M \-^(T^rw^(z)\ 2d ^0^) 1/2 , 

\Ja(x) V^(x) ) 

where M G N n , K G N, \M\ + K > 0, A(x) is the parabolic cone with vertex at x, 

(2.4) A(x) = (x, 0) + A, A= Uz,t) G M n x (0,oo) : \z\ < y/i\, 

and V t ^(x) is the w\ measure of the cube centered at x and of side lengths It. More 
precisely, 

n 

V t X (x) = l[V t Xj (x j ), V Xj (x j )=w Xj ((x j -t,x j + t)), xeR n , t>0. 

Our main result reads as follows. 

Theorem 2.1. Assume that A G ( — l/2,oo) n and W is a weight on R n invariant under the 
reflections a\, . . . ,a n . Let W + be the restriction of W to R™. Then the multipliers of Laplace 
and Laplace- Stieltjes transform type and the Riesz transforms extend to bounded linear operators 
on LP(W l ,Wdwx), W + G A X ' + , 1 < p < oo, and from L 1 (W l ,Wdw x ) to weak L 1 (M n ,Wdw x ), 
W + 6 ij' . Furthermore, the heat-Dunkl semigroup maximal operator, the mixed g- functions 
and the mixed Lusin area integrals are bounded on L p (M. n , Wdw x ), W + G A p ' , 1 < p < oo ; and 
from L 1 (E n ,Wdw x ) to weak L x (R n , Wdw x ), W + G A X ' + . 

Notice that for symmetric functions the condition W + G Ap is equivalent to saying that W 
is in the Muckenhoupt class of A p weights associated with the initial space (M. n ,dw x , \ ■ |). 

The proof of Theorem 12. II can be reduced to showing analogous properties for certain, suitably 
defined, auxiliary operators emerging from those introduced above and related to the smaller 
space (M.+ ,dw~^, | • |). To proceed, for each r\ G {0, l} n we consider an auxiliary semigroup acting 
initially on L 2 (dw^) and given by the formula 

W X ^f=(D x (e^\ 2 D x P(z))y. 
These semigroups have the integral representations, see ()2.3|) . 

W x > r >' + f(x) = f G x «> + (x,y)f(y)dw+(y), xgR^, t > 0, 

G X ' r >>+(x,y) = (xy) r >W X+r >(x,y), x,yeR n + , t > 0. 
Further, these integral formulas provide us a good definition of W t ,T> ' on weighted LP spaces for 



a large class of weights and produce always smooth functions of (x,t) G K+ x M + , see Lemma [3.21 
below for more details. 

For rj G {0, l} n and M G N n we denote 5 n ,M = &l,r}i,Mt o ... o 5 n ^ n: M n , being for every 

' (5jS*) M ^ 2 , if Mj is even, 

k SffityM-W 2 , if Mj is odd, 

where 5j = d x . and 5* = d x . + -^ is, up to a sign, the formal adjoint of 5j in the space L 2 (dw^). 
These derivatives correspond to the action of (T*) M on ^-symmetric functions. To be more 



3 = 1, • ■ 


. ,n, 








r (8*s 3 ) M >/ 2 , 


if M,- is even, 




<5j,0,Mj = 


I Wi) (j *'- 1)/a , 


if Mj is odd, 


Sj,l,M 3 = < 
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precise, if / is ^-symmetric, then (T X ) M f = 8 v ,uf- Moreover, we may also think that each S„m 
acts on functions defined on the restricted space M.V:. 

Now we are ready to introduce the auxiliary Bessel-type operators, which are defined initially 
in L 2 (dw^) in the cases (l)-(4) and (6), or in 

c \,r,,+ = {f € L 2 (dw+) : f g C°°(]R n ), {D x p) + g C C °°(K+)} 

in the case of the Bessel-type Riesz transforms (5). 

(1) The maximal operator 

W^+f=\\W X ' r >' + f\\ Loa{dty 

(2) Littlewood-Paley-Stein type mixed g-functions 

9 X k%U) = \KS vM W^ + f\\ L2{t2K+lMl _ ldty 

where M G N n , K G N, \M\ + K > 0. 

(3) Multipliers of Laplace transform type 

M^ + f={D x (mD x P)) + , 

where m(z) = \z\ 2 J °° e - f ^ 2 $(£) dt with $ G L°°(dt). 

(4) Multipliers of Laplace-Stieltjes transform type 

M^ + f=(D x (mD x P)) + , 

where m(z) = L^ e~'' z ' du(t), with v being a complex Borel measure on (0,oo). 

(5) Riesz transforms of order M 

R X M V ' + f = 8^ M {b x {\z\-\ M \D x p{z))) + , 

where M G N n and \M\ > 0. 

(6) Mixed Lusin area type integrals 

s x At(f)(x) = ( [ t™+m-i\d« ^w^ + /(z)| 2 x {aeR - } ^^) 1/2 , 

\Ja(x) + V*f(x) J 

where M G N n , K G N, \M\ + K > 0, and A{x) is the parabolic cone with vertex at x, 
see (|2,4p . Here V^ ' (x) is the lot' measure of the cube centered at x and of side lengths 
2t, restricted to Wl_. More precisely, 

n 

V t K+ (x) = \{ V t Xj ' + ( Xj ), i£l" + , £ > 0, 

3=1 
and for j = 1, . . . ,n, 

y t Aj ' + (xj) = w+ ((xj - 1, Xj + 1) n r+) 

(2-5) = ((x, + t)^ +1 - X {Xj >t}{x 3 ~ t)^ +1 ) /(2A i + 1). 

Notice that the Bessel-type Lusin area integrals can be written as 

S K V mU){ x ) = ||3f ^,AfW^' + /(x + z)y/E X (x, Z,t) X{x+zeR^}\\ L 2 {A)t 2K+\M\-i dzdt) , 
where the function E x is given by 

E x (x,z,t)=f[ (Xj A ^ + Zj) \ xGM™, zeT, x + zGM™. 

i=i ^4' ( x i) 
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Similar arguments to those given in |14| p. 6] and |20[ pp. 1522-1524] allow us to reduce the 
proof of Theorem 12.11 by showing the following. 

Theorem 2.2. Assume that A G (— l/2,oo) n and i] G {0, l} n . Then the Bessel-type operators 
(3)-(5) extend to bounded linear operators on L P (M" , Udw^), U G A p ' , 1 < p < oo, and from 
L 1 (R™ , Udw~^) to weak L 1 (]R™ , Udw~^), U G A^ . Furthermore, the sublinear operators (1), (2) 
and (6) are bounded on L P (]R™ , Udw~^), U G A p ' , 1 < p < oo, and from L 1 (IR™ , Udw~^) to weak 

L 1 (Rl,Udw+), U G^' + . 

To prove Theorem 12.21 we will use the general (vector- valued) Calderon-Zygmund theory. In 
fact we are going to show that the Bessel-type operators (l)-(6) are (vector-valued) Calderon- 
Zygmund operators in the sense of the space of homogeneous type (R™ , dw't , | • |). Then, in 
particular, the mapping properties claimed in Theorem 12.21 will follow from the general theory 
and arguments similar to those mentioned in |H Section 2]. To proceed we shall need a slightly 
more general definition of the standard kernel, or rather standard estimates, than the one used in 
the papers [4J [5] . More precisely, we will allow slightly weaker smoothness estimates as indicated 
below, see for instance |20| . 

Let B be a Banach space and let K(x,y) be a kernel defined on M™ x IR™\{(x,y) : x = y} 
and taking values in B. We say that K(x,y) is a standard kernel in the sense of the space of 
homogeneous type (M™ , dw~^ , | • | ) if it satisfies the growth estimate 

1 



< 



(2.6) \\K(x,i 

and the smoothness estimates 

(2.7) \\K(x,y)-K(x\y)\\ v <(^^j) ,, * — , \x - y\ > 2\x - x'\ 



\x - 


-x'\ 


\x - 


-y\ 


\y- 


-y'[ 



wi(B(x,\x-y\)) 



wj(B(x,\x-y\)) 

(2.8) \\K(x, y) - K(x, y')\\ M < ( ^^ ) " \ -, \x - y\ > 2\y - y'\, 

\\x-y\J wJ{B(x,\x-y\)) 

for some fixed 7 > 0. Notice that the bounds (|2.7p and fj2.8[) imply analogous estimates with any 
< 7' < 7 instead of 7. Further, observe that in these formulas, the ball B(x, \y — x\) can be 
replaced by B(y, \x — y\), in view of the doubling property of w^. Furthermore, when K(x,y) 
is scalar- valued (i.e. B = C) and 7=1, the difference bounds (|2.7p and (|2.8[) are implied by the 
more convenient gradient estimate 

(2.9) \V xv K(x,y)\ < r • 

\ x -y\wT{B(x, \x-y\)) 

Similar reduction holds also in the vector-valued situations we consider; see the comments and 
arguments presented in |11| Section 4]. Here, however, we will also use (|2.7p and (J2.8J) with 7 < 1 
and thus it is convenient to analyze the smoothness estimates rather than (|2.9p . 

A linear operator T assigning to each / G L 2 (dw~^) a measurable B- valued function Tf on M" 
is a (vector- valued) Calderon-Zygmund operator in the sense of the space (W^,dw1^, | • |) if 
(i) T is bounded from L 2 {dw^) to L^dwl^), 
(ii) there exists a standard B-valued kernel K(x, y) such that 

Tf(x)= / K(x,y)f(y)dw^(y), a.a. x <£ supp/, 

for every / G L^(dw^), where L^°(dw^) is the subspace of L°°(dwt) of bounded mea- 
surable functions with compact supports. 
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Here integration of B-valued functions is understood in Bochner's sense, and L^(dw^) is the 
Bochner-Lebesgue space of all B-valued dw ^"-square integrable functions on R™ . 

It is well known that a large part of the classical theory of Calderon-Zygmund operators 
remains valid, with appropriate adjustments, when the underlying space is of homogeneous type 
and the associated kernels are vector- valued, see for instance |18| and |19j . 

The following result together with the arguments discussed above imply Theorem 12.21 and thus 
also Theorem 12.11 

Theorem 2.3. Assume that A G (— l/2,oo) n and ij G {0, l} n . Then the Bessel-type operators 

wA,t?,+ X,r),+ A//A,r;,+ \^\V,+ D A .1.+ G^V,+ 

«* i !JK,M ' J l m j - /Vl m ) ^M ) °K,M ' 

are (vector-valued) Calderon-Zygmund operators in the sense of the space of homogeneous type 
(W$_,dw%,\ ■ |) associated with the Banach spaces B, where B is C , L 2 (t 2K+ \ M \- l dt), C, C, 
C, L 2 (A,t + ' ' 1 dzdt), respectively. Here Co denotes the closed separable subspace of L°°{di) 
consisting of all continuous functions on R + which have finite limits as t — > + and vanish as 

t — > oo. 

Proving Theorem 12.31 splits naturally into showing the following three results. 

Proposition 2.4. Let A G ( — l/2,oo) n and n G {0, l} n . Then the Bessel-type operators from 
Theorem \2.3\ are bounded on L 2 (dw^). 

Formal computations and the results from papers [H [5] suggest that the Bessel-type operators 
are associated with the following kernels related to appropriate Banach spaces B. 

(1) The kernel associated with Bessel-type maximal operator W*'^' 

W A *+(x,y) = {G^ + (x,y)} t>Q , B = C C L°°(dt). 
Using formula (|4.ip below it can easily be justified that W ,r,,+ {x,y) G Cq for x ^ y. 



(2) The kernels associated with Bessel-type mixed g-functions g^ 



A,»?,+ 



M 



<$&>,¥) = {d«6 v , MtX G^> + (x,y)} t>0 , B = L 2 (t 2K+ \ M ^dt), 

where M G N n and ifeN are such that \M\ + K > 0. 

(3) The kernels associated with Laplace transform type multipliers M^' 

/•oo 

K^' + (x,y) = - / ^(t)d t G^' + (x,y)dt, B = C, 
Jo 

where <I> G L°°(dt). 

(4) The kernels associated with Laplace-Stieltjes transform type multipliers J\A 



\v,+ 



K^ + (x,y)= / G^ + (x,y)dv(t), 

J(0,oo) 



where v is a complex Borel measure on (0,oo). 
(5) The kernels associated with Bessel-type Riesz transforms R 



M 



1 f °° 

R^ + (x,y) = r j S^G^'+ix^t^-'dt, B = C, 

where M G N n is such that \M\ > 0. 
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(6) The kernels associated with Bessel-type mixed Lusin area integrals Sjf 1 ^ 

" (z,i)eA 

with B = L^AjtK+M-idzdt), where M G N n and K G N are such that |M| + K > 0. 
The following result shows that this is true in the Calderon-Zygmund theory sense. 

Proposition 2.5. Assume that A G (— l/2,oo) n andn G {0, l} n . TTien i/ie Bessel-type operators 
(l)-(6) are associated, in the Calderon-Zygmund theory sense, with the corresponding kernels just 
listed. 

Proof. In the cases of W*' v ' , g^U > ■Wm' 1 ' an d ^m 7 ' we can proceed as in [JJ Section 4]. 
The crucial facts needed in the reasoning are Lemma 13.21 and Propositions 12.41 and 12. 6| which 
provide L 2 (dwt )-boundedness of the investigated operators and the growth estimates for the 
corresponding kernels (in some places we need slightly stronger estimates than growth condition, 
which nevertheless are established in Section 2} . The case of S^pi* can be dealt with in a similar 
way. To be precise, we can proceed in much the same way as in |20[ Proposition 2.5, pp. 1528- 
1529], where Lusin area integrals, in the context of discrete Dunkl setting, were investigated. We 
leave details to the reader. □ 

Proposition 2.6. Let A G (— l/2,oo) n and n G {0, l} n . Then the kernels (l)-(6) listed above 
satisfy the standard estimates with the relevant Banach spaces B. More precisely, the kernels 
(l)-(5) satisfy the smoothness conditions with 7 = 1 and the kernel (6) satisfies (|2.7p and (|2.8p 
with any 7 G (0, 1/2] such that 7 < mini<fc< n (Afc + 1/2). 

The proof of Proposition 12.41 is given in Section [3] and the proof of Proposition 12.61 which is 
the most technical part of the paper, is located in Section |5J 

We conclude this section with various comments and remarks connected with our main results. 
We first note that our results imply analogous results for similar objects based on Poisson-Dunkl 

P t A / = D x (erMD x f(z)), f G L\dw x ), 

and for each 77 G {0, l} n consider an auxiliary Poisson-Bessel-type semigroup 

Vt' V ' + f = (^(e" (| ^A/"W)) + , / G L 2 (dw+). 

Obviously, by the subordination principle, 

r°° p~ u rhi , f'°° , p~ u rlii 

(2-10) ^m = j o W^Hxf-^, P^ + /(*) = / o Wjftij/to^f. 

We focus on the maximal operators, Littlewood-Paley-Stein type mixed (7-functions and multipli- 
ers of Laplace and Laplace-Stieltjes transform type based on these semigroups. In the definitions 
(1), (2) we exchange W A and W i .' 11, with P A and F t ' v ' , respectively. Further, in (2) we choose 
£2(^+21^1-1^ i ns te a d ot L 2 {t 2K+ \ M \~ l dt) and replace multipliers in (3) and (4) by 

\z\ \ e-^^ifydt and / e" f|z| du(t), 

Jo J (0,oo) 

respectively, leaving the assumptions on $(i) and v unchanged. Then, with the aid of (|2.10p . 
analogous results to Theorems 12.11 and 12.31 are valid for these new operators. The proof is based 
on a similar procedure to that described in [3] or |16|, Section 3]; we leave details to the reader. 



semigroup. More precisely, let {P A }t>o be the Poisson-Dunkl semigroup generated by —y/A) 
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The treatment of Lusin area integrals based on the Poisson semigroup is more subtle and 
demands more effort and explanation. Consider the following square functions based on the 
Poisson-Dunkl semigroup and the auxiliary Poisson-Bessel-type counterparts: 

,2<iw\(z) dt\ ' 



s x P ,KMf)W =( I * 2 * +2|M| -W(^) M ^(*)| 2 %^Y 

\JT(x) V t A (x) J 



l n + , 



x G 
q\v,+ (f\(~\ -( f f 2isr+2|M|-ii,aK A ,,F A .^+fC^| 2 ^ r dw x (z)dt \ 

b RK,MU)( x ) -[ t \ a t d r),M r t J\ z )\ X{z€WL} T r \ + , ' ) x G 

\Jr(x) V t ' (x) / 

where M G N n , K G N, |M| + K > 0, and T(x) is the cone with vertex at x, 

r(x) = (x,0)+T, T= |(z,i) Gl"x (0,oo) : \z\ <t\. 

Our main result concerning these operators reads as follows. 

Theorem 2.7. Assume that A G ( — 1/2, oo) n and W is a weight on R n invariant under the 
reflections o~i, . . . ,a n . Then the Lusin area integrals Sp KM are bounded on L p (M. n ,Wdw\), 

W + G Ap' + , 1 < p < oo, and from L x (R n ,Wdwx) to weak L^R", Wdw x ), W + G A^' + . 
Moreover, the Poisson-Bessel-type Lusin area integrals Sp^ M , r] G {0, l} n , are (vector-valued) 
Calderon-Zygmund operators in the sense of the space of homogeneous type (R",dio^", | • |) asso- 
ciated with the Banach spaces B = L 2 (T, t 2K+2 \ M \~ 1 dzdt). 



A careful repetition of the arguments justifing Theorems 12.11 and 12.31 allows us to reduce 

h 



proving Theorem 12.71 to showing the standard estimates for the kernels associated with Sp\ 
r] G {0, l} n , which are defined as 





Sp,K,M( x, y) ~ 


J5f<5,,M,xPf'' ? ' + (x,y) 


where 






(2.11) 




POD 

¥^ + (x,y)= / 



V H A (x, Z, t 2 ) X{x+z£«l} 

1 {z,t)er 



(R X ' T >'+ (r 7/1 6 UdU 



/ " ' ^"-' V 7rn 

Since it seems not to be straightforward to obtain these estimates from Proposition 12.61 via (|2.11|) . 
see the comment in |20[ p. 1526], we give the proof of the following result at the end of Section [JJ 

Proposition 2.8. Let A G (— l/2,oo) n and rj G {0,1}". Then the kernels S p ,r ^ M satisfy the 
standard estimates with the corresponding Banach spaces B = L 2 (T,t 2K+2 ' M ' 1 dzdt). More 
precisely, they satisfy (|2.7j) and ()2.8|) with any 7 G (0, 1/2] such that 7 < mhii<fc< n (Afc + 1/2). 

We now focus on the relation between Bessel-type objects and the operators associated with 
the Bessel setting from the papers [HE]- Note that choosing 770 = (0, . . . , 0), in view of symmetry 
reasons, we have W t ,vo ' = Wf, where W£ is the heat-Bessel semigroup considered in the above 



mentioned papers. Consequently, many results of [5] can be seen as special cases of Theorem 12.3 
(specified to ?7 = 7/0). However, some definitions in our present situation, in particular when 
dealing with 7/ = 770, are a little bit different from the ones used in [HE]. This concerns especially 
mixed ^-functions and higher order Riesz transforms. These new definitions, however, seem to 
be more natural and appropriate; see comments in |15| . where a symmetrization procedure for 
general orthogonal expansions was proposed and |5], where this procedure led to the symmetrized 
Jacobi setting that is connected with the initial context of Jacobi expansions in a similar way as 
our setting with the Bessel one. 
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Further, note that Lusin area integrals, which have more complex structure than the mixed g- 
functions, were considered neither in [3] nor in [5]. Consequently, our present results provide some 
new results in the Bessel setting. This concerns not only alternatively defined mixed ^-functions 
and higher order Riesz transforms, but also mixed Lusin area integrals. 

Next, we give a comment concerning multipliers of Laplace-Stieltjes transform type. Using 
standard arguments, see the comment at the end of [5j Section 2], it can be shown that these 
multipliers and their Bessel- type counterparts are bounded on L p (dw\) and L p (dw~^), 1 < p < oo, 
respectively. Here, however, Theorems 12.11 and 12.21 deliver also weighted LP mapping properties. 

Remark 2.9. The exact aperture of the parabolic cone A is not essential for our developments. 
Indeed, if we fix f3 > and write Ap = I (z,t) G M n x (0, oo) : \z\ < fly/t> instead of A in 
the definitions of mixed Lusin area integrals, then the results of this paper, and in particular 
Theorems \2.1W2.3[ remain valid. Similar remark concerns the aperture of the cone T and the 
results contained in Theorem [2? 



3. L 2 (<iu^~)-BOUNDEDNESS 

We first collect some auxiliary results which will be needed to establish Proposition 12.41 In 
what follows, we will frequently use the fact that the Dunkl transform D x and its inverse D x 
preserve 77-symmetric functions, namely 

D x {L 2 (dw x ) v ) = L 2 (dw x ) v , D x {L 2 (dw x ) v ) = L 2 (dw x \, n G {0, l} n , 

where L 2 (dw x ) v = {f v : f G L 2 (dw x )}. 

Lemma 3.1. Let A G (-l/2,oo) n , r) G {0, l} n and M G N n . Then, 

Sr,,M, X [MVfW] = C M ,r,Z M (xzYip X z +e (x), X, Z G R U , 

where C M , n = (-l)^i=i( 1 -»w)W+L^i/2J an d e = e(rj,M) = r/(l - M) + (1 - rj)M. Moreover, 
e G 7L r 2 and e = M ®z™ V- 

Proof. By the tensor product structure of tp\ and 5 V: m,x it is sufficient to analyze the one- 
dimensional situation (n = 1). Further, since (xz) v ip z ^(x) is ^-symmetric with respect to x, 
having in mind (12. ID and (12. 2D . it is easy to deduce that 



S 



rj,2,x 



(xz^^ix) = -A x , x {xz)\^{x) = -z 2 {xz)\ x+r >(x), x,z£R, V = 0, 1. 



Iterating this identity we see that our task can be reduced to the cases M = 0, 1. This, however, 
is a straightforward consequence of the identities 

d x tp£(x) = -z{xz)v X z +l {x), <p x z {x) = (2A + l)^ +1 (x) - NV" +2 (x), x, z G R, 
which can easily be verified by means of \W\ (5.3.5)] and |1U| (5.3.6)], respectively. D 

From the asymptotic behavior of the Bessel function J u , v > —1, 

J v {z)~z v , z^0 + , J u {z) = €)(-=}, z^oo, 

we can estimate the one-dimensional functions tp x as follows, see Section 2], 

(3-D wwi <{. ,.i; l z \l\ , .,«». 
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Lemma 3.2. Let A G (-1/2, oo) n , r\ G {0, 1}" and f G LP(M^, [/dwj) 7 U G Ap' + ; 1 < p < 



W X ' v ' + f{x) is a C°° function of (x,t) G M!^ x R + . Moreover, if K G N and M G N n we 



have 



df 6 v , M W X ' v ' + f(x) = [ d«5 vM , x &}' V ' + (x,z)f(z)dw+(z), xeR n + , t>0. 

Further, if f G L 2 (dw~^), then for every x G M™ and £ > we Ziaue 

d?5 v , M W^ + f(x) = [ dfe- t ^ 2 5 r]M J^xz)\ x z ^(x)]D x f'(z)dw^(z). 

Furthermore, iff G C~(R!J.), £/ien (D X P)+,(D X P)+ G C°°(K!J.) and we have 



S v ,m(D x P)+(x) 



"Jr],M,x 



{ixzf^{x)]f(z)dwl{z). 



Proof. To prove the first two statements we can proceed as in the proof of [H Lemma 3.5], see 
also the comments in [5l Section 2]. The crucial facts needed in the reasoning are the bounds 

ct8 v , M , x G^' + (x,z)\ + ^e-^S^u^xzfip^ix)] | < e~ c ^ , z G R n + , x G E, t G F, 

where E and F are fixed compact subsets of M" and K + , respectively, and c > is some constant 
depending on E and F. The above estimate can be verified by means of Lemma |4. II below and 
Lemma 13.11 together with the bound (|3.ip . respectively. 

Finally, the last statement is a consequence of Lemma 13. 1| the estimate (|3.ip and the domi- 
nated convergence theorem. □ 

Now we are ready to give the proof of L 2 (dwt )-boundedness of all the investigated Bessel- 
type operators. This, however, is trivial in the case of multipliers of Laplace and Laplace-Stieltjes 
transform type, because in both cases m G L°°(R n ). Moreover, the L 2 (dw^ )-boundedness of the 
auxiliary Lusin area integrals is an immediate consequence of the L 2 (dw~^ )-boundedness of the 
Bessel-type ^-functions. Indeed, from the general theory of spaces of homogeneous type we know 
that 

W^K,M (f)\\L 2 (dw+) — \\9k,M (/)Hi 2 (du>+)' 

which in our context can also be justified with the aid of Lemma 14.61 below. Thus, it suffices to 
consider the remaining operators. 

Proof of Proposition \2.4\ the case o/W*'* 7, . We observe that 

— )(x)=x ri W X+r '(- 

where r/o = (0, . . . ,0) and W x is the heat-Bessel semigroup maximal operator, see the comments 
following the statement of Proposition 12.81 Since W x is bounded on L 2 {dw^), see [H Section 
4.1] and [5j Section 2], we easily deduce that 



^ + {f){x) = ^W^<+(4)(*) = ^^ A+ "(4)(x), x G R£, 



W ^' + (/) 



L 2 (dw+) 



W *+V 



< 



L 2 (dw+) 



J_ 
II" 



V(d W +) 



L 2 {dw+y 



u 
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Proof of Proposition \2.4\ the case of g^p^ . Let / G L 2 (dw~^). By Lemmas 13.21 and 13.11 we can 
write, for every x G WL and t > 0, 



dfSn^W^+fix) 


= 


/ 

JR" 


|z| 2K e- 4 l 2 l 2 z M (xz) £ ^ +e (^)^A/ r '(^)^+ 


(*) 


= 2" n 


/ |z| 2 ^e-^l 2 z M ^ A (x)Z? A r (z) du; A (*) 






= 


#A 


)z\ 2K e-^ 2 z M D x P(z)](x) 


; 





where the second equality holds by symmetry reasons. Since the function in square brackets 
above is e-symmetric and D x is an isometry in L 2 (dw x ), we obtain 



*,v,+ 



9kVU) 



= 2~ n 

L 2 (dw+) J Q J R n 



D> 



z\ 2K e- t \ z \ 2 z M D x P{z)] (x) iZK+M-idtdwxi 



< / | z |4^+2|M||^ Ar(z) |2 / e -2t\z\* t 2K+\M\-l dtdwxi , 

JM. n JO 



\\ D *f v \\h(dw k ) 



ll/"" 2 - 



L 2 {dw x ) 



2 



which finishes the reasoning. 



□ 



Proof of Proposition [Q- the case of R X ^' + . Take / G C x ' r >'+. Observe that {\z\~\ M \D x P(z)) + G 



C£°(RI?) and thus an application of Lemma [3.21 together with Lemma [3.11 gives 
\R X M ' + /(^)| = / \z\- m z M {xzY^(x)D x P(z)dwl{z) 

JR™ 

= 2~ n [ \z\-^z M ^(x)D x P(z)dw x (z 
= b x [\z\-\ M \z M D x P{z)]{ X ). 

Since the last expression, as a function on W 1 , is symmetric, using the L 2 (dw; A )-isometry of D> 
we get 



R X >V,+ (f)\ 

n M \j)\\t,< 



L 2 (dw+) 



z \-\M\ z M DxfV{z) 



L 2 (dw x ) 



< \\DxP\\ L 2 



{dw x ) 



L 2 (dw+Y 



Thus R^' is bounded from C x,v,+ into L 2 (dw~^). Next, we ensure that C x,v,+ is a dense 
subspace of L 2 (dw~^). It is not hard to verify that 

c x *'+ = b x ((c™(Ri)y) + , 

where (C c co (R^)) r ' = {P : f G C C °°(R+)}- Since C c °°(^+) is dense in L 2 (dw+), it follows that 
(C£°(K+)) is dense in L 2 (dw x )ri and the conclusion follows. □ 



4. Kernel estimates 

In this section we gather various technical facts, which finally allow us to obtain standard 
estimates for all the kernels under consideration. Our method is based on the technique used in 
the Bessel context in the paper [3] for the restricted range of A G [0, oo) n and in [5] for the full 
range of A G (— l/2,oo) n . 
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Given r/ G {0, l} n , the Bessel-type heat kernel can be expressed as, see [5j (3.3)], 

(4.1) 



n ,rh+ {x,y)= Y^ c ^+v,et~ 



n/2-\\\-\r,\-2\e\t X y\2e+r, 



e&{o,iy 



cxp 



q(x,y,s) 



4/ 



dn 



X+rj+l+e 



», 



where C\ t£ = (2A + l) 1 £ 2 n / 2 l A l 2 I £ I, and the function q(x, y, s) is defined as 



q(x,y,s) = \x\ 2 + \y\ 2 + 2^2x j y j s j , x,y €®$, s G [-1, If. 

i=i 
The measures Q u , v G (0,oo) n , appearing in (|4.ip are products of one-dimensional measures, 
^!/ = &?=i ^f ■) where fi„. is defined on the interval [— 1, 1] by the density 



dSt„Asj\ 



(1 - sjp^dsj 



To shorten notation, we will write q instead of q(x, y, s) when no confusion can arise. 
To estimate kernels defined via G t ,n ' (x, y) we will frequently use the following. 

Lemma 4.1. Let A G (-l/2,oo) n , r, G {0, l} n , £,r,MGN n and K e N. TTien 

|«^ r ,,M,.G A * + (x, y )| 

< V^ K 2e-ae+» ? -C»? y 2e-^^- Wt -(n/2+|A|+|7 7 |+2|e|)-if-(|M|+|£|+|r|)/2+(|a£|+|C»7|+|/3e| + |p»?|)/2 



e,C,pe{0,l}™ 
Q,^G{0,l,2} n 

x / exp (-— J ^ A+??+ i +£ (s), 
uniformly in x,y G K™ and £ > 0. 

Proof. We first deal with the one-dimensional situation (n = 1). Since the heat-Dunkl semigroup 
{W^}i>o satisfies the heat equation dtWf = — A>,W A , it can easily be verified that its kernel 
Gt(x,y) also satisfies this equation with respect to x variable, i.e. 



d t G?(x,y) = -A x>x G$(x,y) = (T^G^x,y) 



^,r),+ . 



^,V,+ i 



Observe that for each r] = 0, 1 the functions <9jG t ,7? ' (x, y) and (5 r): 2,xG t ,?? ' (x, j/) are ^-symmetric 
with respect to x. Thus, in view of the above identity, they are both 77-symmetric component of 
2 n dtGf(x,y) and hence they are equal. Iterating this identity we obtain 



6, 



ri,M,x^t 



^ + (x,y) = d 1 



LA//2J f dM+ 2Xr]Mr\ frX ^ + 



" x ^ x J * 
Combining this with the representation formula (14. ip gives 



(x,y), x,y,t>0, MGN, 77 = 0,1. 



dF&M 



't °x°y°V,M,x^t 



■<A,r),+ 



(«,y) 



fif +LM/2J 9fai faf + ^^ g a * + (x, 



; 



,y) 



<e [\dr lAm di +M di 



-(l/2+A+T)+2e)/ „A2e+jj 



(xy)^ + "exp 



e=0,l 

+ X{^=M=1} 



4£ 



flf+L^JflgflJ 



r (V2 + A + l + 2 £):c 2 V£+ l exp (_£)] J }^ A+?7+1+£(s) . 



Proceeding in a similar way as in the proof of [SJ Lemma 3.2], we obtain 
d?dZd* [t s x 2£+ "V £+r?2 exp (-£ 



16 



< 



£ 
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x 2e-ae-^i-Cviy2s-l3e+ri2-PV2-j ) S-W-(L+R)/2+(as+Cm+l3e+pri2)/2 e 



C,P=0,1 
a,B=0,l,2 



8tJ' 



uniformly in x,y,t > 0; here W, L, R G N, S G M and £,??i,??2 = 0,1 are fixed. Using this 
estimate we see that 



^ +L M/2j^ +M ^ 



-(l/2+A+77+2 £ )/ V2e+V 



ex Pl -^ 



s E - 

C,p=o,i 

a,/3=0,l,2 



2e— ae 



+r ? -C»? y 2 £ -/3e+r ? -pr ?i -(l/2+A+»;+2e)-K-(M+£+r)/2+(ae+C»?+/3£+pr;)/2 exp (_^_ 



and 



X{ v= M=l} 



QKHM/ll^Qr 



t - {1/2+x+1+2£)x2£y2£+lexp ^_q_ 



< XI -H ^ x 2e-c& 2e-Pe+l-p t -(l/2+\+l+2e)-K-(M+l+r)/2+(aE+l+pe+p)/2 



p=0,l 

a,/3=0,l,2 



SI 



Since the bound of the first expression is dominating, we arrive at the desired conclusion. 

Now suppose that n is arbitrary. In view of the product structure of G t ,v ' (x,y), an application 
of Leibniz' rule gives 



dfdid^M^ 



l^ + (x,y)=d, 



3=1 



Xj,Vj,+ 



(XjiVj) 



n 

: E ^U^&A'A 

ke{0,...,K} n j=l 

\k\=K 



j, Vj ,Mj,xj^t 



\j,rjj,+ 



( x jiVj) 



which leads directly to the asserted bound. 



□ 



The next result constitutes an essence of our method. It provides a link from the estimates 
emerging from the integral representation of G t ' v ' (x, y), see (I4.ip and Lemma |4.1[ to the stan- 
dard estimates related to the space of homogeneous type (IR™,dtt>^~, | • |). It may be proved in 
much the same way as [5j Lemma 3.3]. The crucial role in the proof plays |161 Lemma 2.1], see 
also [5j Lemma 3.1]. 

Lemma 4.2. Assume that A G (-1/2, oo)™, 1 < p < oo, W G R ; C > 0, e,rj, (,p G {0, l} n 
and a, f3 G {0, 1, 2} n . Further, let r G N n be such that r < 2e — as + n — C,rj. Given u > 0, we 
consider the function T u : M" x M" x M.+ — > E defined by 

T U ( X , y, t) = x 2£ - a£ +V-(V-r y 2e-8e+ V -pr, t -( n /2+\X\+\r,\+2\e\)+(\ae\+\Cr,\+\^\ + \pri\ + \T\)/2-W/p-u/2 



x / exp 



t 



dn 



X+rj+l+e 



(s), 



where W/p = for p = oo. Then T u satisfies the integral estimate 

1 1 



\Y u (x,y,t)\ 



< 



Lv{tw-Ht) ~ \ x _ y \u w +( B (x, \y - x\)) ' 



uniformly in x,y G WL, x ^ y. 
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It should be noted that for every A G ( — 1/2, oo) n the w^ measure of the ball B(x,R) or the 
cube centered at x and of side lengths 2R can be described as 

n 

(4.2) w^(B{x,R))^V^ + {x)^R n Y[( Xj + R) 2X \ i£K", R > 0. 

i=i 

The two lemmas below will be useful in justifying the smoothness estimates (|2,7p and (|2.8p 
when the corresponding kernel is not scalar valued (B^C). 

Lemma 4.3 ([20, Lemma 4.3]). Let x,y,z G M™_ and s G [-1,1]™. TAen 

-g(x, y, s) < q(z, y, s) < 4q(x, y, s), 
provided that \x — y\ > 2\x — z\. Similarly, if \x — y\ > 2\y — z\ then 

^q(x, y, s) < q(x, z, s) < Aq(x, y, s). 

Lemma 4.4 ([20l Lemma 4.5]). Let A G (— l/2,oo) n and 7 G M be fixed. We have 
1 \ 7 1 / 1 \ 7 1 



\z-y\J wj(B(z,\z-y\)) \\x-y\J wj{B(x, \x - y\)) 
on the set {(x,y,z) el^x R"_ x M™ : \x - y\ > 2\x - z\}. 

To be precise, in |20l Lemma 4.5] only the restricted range of A G [0, oo) n was allowed. 
However, the same arguments as those in |20| show the result in the general case. 

The next lemmas will be useful when proving kernel estimates for the kernels associated with 
Lusin area integrals. 



Lemma 4.5 ([20l Lemma 4.7]). Let x,y G W$_, z G W 1 , s G [-1,1]™. Th 



cv 



q(x + z, y, s) > -q(x, y, s) - \z\ 2 . 
Lemma 4.6. Let A G (-1/2, 00)™. Then 

Sa(», z, t)x{ x +zmi } dz ~ lj 



/ 



'\z\<Vt 

uniformly in x G WL and t > 0. 
Proof. Since 

'-x(x,z,t)X{x+z&Ri}dz= x / {x + z) X{x+ze«i}dz = — A+ — , 

'\z\<Vi + Vjf(x) J\z\<Vt +! Vi ( x ) 

the conclusion is a straightforward consequence of (|4.2p . D 



The result below can be seen as an extension of |20[ Lemma 4.8], which in our notation is 
valid only for A G [0, 00)™. The crucial role in the proof plays the estimate 

(4.3) \x-yf < \x*-y% x,y>0, 

where £ > 1 is fixed. This was also used in |2CH p. 1540] but only with £ = 2. Here the technical 
side demands more effort and seems to be unavoidable in the general case A G (—1/2, 00)™. 
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Lemma 4.7. Given A G ( — l/2,oo) n , there exists 7 = 7(A) G (0, 1/2] such that 

„/|2 X 7 



|z|<Vt 



X{x+ 2 ,x'+ 2 eR^}|\/ s A(x,2,t) - x/HaCo;'^,*)! 2 ^ < (■ 



x — X 

~~t 



uniformly in x,x' G Wl and t > 0. Moreover, one can take any 7 G (0,1/2] satisfying 7 < 
mini< fc < n (A fc + 1/2). 

Proof. Let 7 G (0, 1/2] satisfying 7 < mini<fc< n (Afc + 1/2) be fixed. Using (|4.3|) with £ = 2, we 
see that in order to finish the proof, it suffices to verify that 



(4-4) / X{x+ z ,x'+ z eWLi}\ E '\(x,z,t)-E x (x,z,t) \dz<[ 



Further, we may reduce our task to showing the one-dimensional version of (|4.4p . Indeed, taking 
into account the product structure of E\(x,z,t) and the identity 

n n n I k—1 \ / n \ 

n a i ; ~ n b 3 '— yi n ^ ^ ~ b ^ [ n ^ ' %•, ^ g r,j = 1, . . . ,n 

i=i j=i fe=i \j=i / y=fe+i / 

(here we use the standard notation concerning empty products) we get 
\E x (x,z,t) - E\(x',z,t)\ 

n (k-1 \ / n \ 

- Yj n^&j'Zj't) II "A,(Xj,^-,t) |S Afc (Xfc,Z fc ,t) -H Afe (x' fc ,Z fc ,t)|. 

fc=l \i=l / \j=k+l J 

This together with the one-dimensional versions of Lemma 14.61 and (|4.4p gives 
/ X{:t+^2'+^6R"}| s aO£,^£) - E A (x',z,£)| dz 

J\z\<y/t + 

n /k—1 „ \ / n ,. 

s n/ x{^>opA>;-,^,t)^ n / 

fc =i \ i =i-'kil<^ / \ j= k+i J \ 2 



< 



X{xj +Zj >0} ^Xj (#j ,Zj,t) dzj 



<( / X{ a;)fe +^,4+^>o}|SA )fe (^,^,t)-SA fc (x / i . ) 2;fe,t)|^ fe I 

^( \xk-x' k \y s \ x -x'\y 
~t{\ t ) ~ v * / " 

Next, we show (J44J) for n = 1. We can assume that \x — x'\ < \/t, since otherwise ()4.4p is a 
straightforward consequence of Lemma 14.61 and the inequality 1 < I * ' I . Further, observe 
that 

X{x+z,x>+z>0}\-\{x, z, t) - E x {x', z, t) I 



\{x + z) 2X - (x' + z) 2X \ 

< X{x+z,x'+z>0} A,+ / ,x I'Xfi+z^'+z^}^^,^,*) 



y£V) y£V) 



= Ii(x,x',z,t) + h{x, x', z,t). 
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We will treat I\ and I 2 separately. We first deal with I\. Using f|4.3[) specified to £ = 1/(27) an d 
then the Mean Value Theorem we arrive at the estimates 

V^(x')h(x,x',z,t) < X{ X+Z , X > +Z >0} \(x + z) x l'< - (x' + zf/^ 
<X {x+z , x ' +z > }\x-x'\^(e + z) 2( - x -^\ 
where is a convex combination of x and x' , which may depend on z and t. We denote 

1V1', A > 7 
x Ax', A < 7 

Then obviously 



y 



\x — X 



/1 27 



h(x,x',z,t)dz< 



^>o»(, + ^-^^ix-^ ^y 



\z\<Vi 
Combining this with (14, 2\i and the relations 

(4.5) (a; + Vt) ~ (x' + \/t) £i (re A x' + Vt) ^ (x V a/ + Vi), 

valid when |x — x 1 \ < \/i, we get 

^(SZ + Vt) 2 ^ ^/>-x" 2 



Vt 



Ii(x,x'z,t) dz < |x — x'l 27 - 
|z|<Vt (x' + Vi) 2A 



< 



We now focus on I 2 . By Lemma |4.6[ an explicit expression of V A (x') (see (|2.5[) ) and (|4.2 



we have 



/ I 2 (x,x',z,t)dz < 

J\z\<y/t 



V X^ - v Xw 



y£V) 



< 



I (x + Vt) 2X+1 - (x' + V~t) 2X+1 1 X{x>vi} ( x - ^) 2A+1 - xw>vt} i x ' - >/*) 



+ 



2A+1 



>/t(z' + Vt) 2A 
= Ji(x,x',t) + J 2 (x,x',t). 

Thus to complete the proof it is enough to check that 



sTt{x< + Vi) 2X 



Jj(x,x',t) < 



I /I /I /|2 \ A+l/2 / i /|2\ 7 



+ 



+ 



t 



X — X 



'\<Vt, j = 1,2; 



notice that in this sum the last term is dominating. We first focus on J\ . By means of the Mean 
Value Theorem and (|4.5|) we obtain 

\x-x'\(6 + Vi) 2X 



Ji(x,x',t) < 



x — X 



Vt(x> + vt) 2A V~t 

where 6 is a convex combination of x and x' . To treat J2 we observe that 

(x V x' - Vi) 2X+1 



J 2 {X,X ,t) — X{ xA x'<Vt<x\/x'}' 



Vi(x> + Vi) 2X 



+ 



X{xAx'>2Vt} + ^{2y / t>xAx'>Vt} 



|(x-Vt) 2A+1 -(x'- v / t) 



2A+1I 



Vi(x' + v/t) 2A 

The relevant estimate for the first term is straightforward because, in view of (|4.5p . we have 



X{xA,x'<Vt<xVx'}~ 



(x V x' - Vt) 2X+1 (x V x' - x A x') 2A+1 (\x-x 



Vi(x' + Vt) 2A 



< 



(Vt) 



2A+1 



/,2\ A+l/2 
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To bound the second one we apply the Mean Value Theorem to obtain 



X{xAx>>2\/t} 



Vt) 2X+1 - (*' - Vt) 2X+1 x X {xAx ,> 2V i } \x - x'\{6 - Vt) 



2\ 



where 9 is a convex combination of x and x'. Since for x A x' > 2y/i the expression 6 — \ft is 
comparable to quantities appearing in (|4.5|) . we get the desired estimate. Treating the last term 
in a similar way as I\ at the beginning of the proof, we get 

x {2V t>^>vi} |(* - ^) 2A+1 - (*' - ^) 2A+1 | £ x {2V - t>xAx , >Vi} \x - A 2 ne - Vir +1 ^\ 

where is a convex combination of x and x' . Since 2A + 1 — 27 > 0, in view of (|4.5[) we have 

|(x-y / t) 2A + 1 -(:r'-v / t) 2A + 1 | _ 27 (ivav5^ 

X { 2^>xA,'>^} ^(X' + Vt)^ ~X { 2Vt>*A*'>^l a; X l V*(X' + >/i) 2A 

|x - x n2 

X{2y/t>xAx'>Vt} 

This finishes the proof of Lemma 14.71 □ 

Lemma 4.8. Let A G (— l/2,oo) n be fixed. Then there exists 7 = 7(A) G (0, 1/2] suc/t £/ia£ 

/" - / w <- (\x-x'\ 2 y 

I X{x+z&W],x' +z^W]} != '\\.X, Z,t) dz ^ I 7 I , 

J\z\<Vt V t / 

uniformly in x,x' G Ri and t > 0. Moreover, one can take any 7 G (0,1/2] satisfying 7 < 
mini< fc < n (Afc + 1/2). 

Proof. Let 7 G (0, 1/2] satisfying 7 < nrini<fc< n (Afe + l/2) be fixed. Observe that if \x — x'\ > yi, 

~~ ~~ / \ x _ x i\2 \7 

then using Lemma [4. 61 and the obvious inequality 1 < I - — t— — I , we get the desired bound. Thus, 

we can assume that \x — x'\ < \fi. Since the constraint x' + z ^ ]R™ forces z k < — x' fe for some 
A; G {1, . . . , n}, it is enough to verify that for every k G {1, . . . , n} we have 

I / I /I / |2\ A fc +l/2 

|*|<V? + fe V* V * 

Further, by the product structure of 3\(x,z,t), the one-dimensional version of Lemma 14.61 and 
(|4.2p we see that it suffices to prove that 

(X k + Z k )^ | Xfc _4| /| Xfc _4l2xA fc +l/2 



.X{-x fe <z fc <-x'J /-, ~ 2A dz k < + 



l\ Zk \<v-t x ~ Xk<Zk ^ Xk Wt(x k + Vi)^ ^ Vt V * 

To proceed it is convenient to distinguish two cases. 

Case 1: x^ > 2yt. We have x k + z k ~ x k ~ x k + \ft and the required bound follows. 

Case 2: x^ < 2vt. Since x k + \ft ~ \/t, an integration gives us 

f (x k + z k f^ r < {xk + Zk fX k (\xk-jtf\ Xh+1/2 

L<v- t X{ - Xk<Zk ^ } vi(x k+ vt)^ dZk ~ y_, fc ^+V2 ^ - l^^J ■ 

□ 

In the proofs of Propositions 12. 61 and 12.81 we tacitly assume that passing with the differentiation 
in Xj,yj or t under integrals agains dt,dv(t) or du is legitimate. In fact such manipulations can 
easily be justified by means of the dominated convergence theorem and the estimates obtained 
in Lemma |4. II and along the proofs of these propositions. 
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Proof of Proposition ^. 6[ the case ofW^ ,T],+ (x,y). The growth estimate (|2.6p is an easy conse- 
quence of (|4.ip and Lemma 1421 (with p = oo, W = 1, C = 1/4 and \a\ = \/3\ = |£| = \p\ = \t\ = 
u = 0). 

For symmetry reasons we only need to show the smoothness condition (|2.7p . In view of the 
Mean Value Theorem we have 



\G^ + (x,y) -G^ + (x',y)\ < \x-x'\ V x G^ + (x,y) 



\x=e 



with 9 = 9(t,x,x' ,y) a convex combination of x and x' . Hence, it remains to verify that 



■>A,?7,+ 



V x G^(x,y)\ x __ 



< 



1 



\x 



y\ > 2|x 



X 



L°°(dt) ~ \ x - y\ w x ( B ( x > \ x - v\)) 

This, however, follows by applying successively Lemma |4. II (taken with K = \r\ = \M\ = and 
£ = ej, j = 1, . . . , n, where e,- represents the jth coordinate vector in ]R n ), the relations 



(4.6) 



< x\/ x' 



< \x 



X 



x V x'\ < \x 



Lemma [4.31 twice (with z = 9 and z = x V x'), Lemma [4.21 (choosing p = oo, W = 1, C = 1/128, 
u = 1 and t = 0) and finally Lemma [4.41 (specified to 7 = 1 and z = x V x'). □ 

Proof of Proposition \27b\ the case of Gu?Lr i x ,y)- The growth condition is obtained by combin- 
ing Lemma O (taking \£\ = \r\ = 0) and Lemma [42] (with p = 2, W = IK + \M\, C = 1/8, 
u = and r = 0). 

We now prove the bound (|2.7p for G^lj (x,y); the estimate (J2.8J) can be treated analogously. 
After applying the Mean Value Theorem, our objective is to see that 

1 



7 x dt 5rj,M,xG t ' 



( x ,y)\ 



< 



\x—y\ > 2\x— x'\ 



L 2 {t 2K+\M\-i dt) \x - y\w^(B(x, \x - y\)) ' 

where 9 = 9(t, x, x' , y) is a convex combination of x and x' . Again, we use sequently Lemma [4. II 
(selecting \r\ = and £ = ej, j = 1, . . . ,n), relations (|4.6p . Lemma 14.31 twice (first with z = 9 
and secondly with z = xV x'), Lemma IP1 (taken with p = 2, W = 2K + \M\, C = 1/128, u = 1 
and r = 0) and Lemma 14.41 (with 7 = 1 and z = x V x') to get the desired estimate. □ 

Proof of Proposition \2. 61 the case of K^' (x,y). The growth condition is achieved directly by 
the fact that $ is a bounded function, Lemma |4. II (taken with K = 1 and \£\ = \r\ = \M\ = 0) 
and Lemma 14.21 (choosing p = W = 1, C = 1/8, u = and r = 0). 

Next, we show the gradient estimate (|2.9p . Since $ G L°°(dt), our goal is to obtain the bound 

x / y. 



A,J?,+ , 



\V Xt yd t G t ' h (x,y) 



i!(dt) ~ \x — y\w^(B(x, \x — y\)) 



This, however, follows from Lemma 14. II (with K = 1, \M\ = and \£\ = 0, r = ej or £ = ej 



.r 



\ r \ = 0, j = 1, . . . ,n) and Lemma 14.21 (specified to p = W = 1, C = 1/8, u = 1 and r = 0). □ 

Proof of Proposition \2. 6[ the case of K v ,r] ' (x,y). Since v is a complex measure, it has finite 
total variation, and then proving the growth and smoothness properties for K u ' v ' (x, y) is reduced 



^,v,+ . 



to showing (12. 6p and (12. 7p for the kernel {G t (x, y)}t>o in the Banach space 
was already done in the case of W x,v ' + (x,y). 



L°°(dt). This 

□ 



Proof of Proposition \2~b\ the case of R A f' (x,y). Combining Lemma [4. II (taken with K = \£\ = 
\r\ = 0) and Lemma I4T21 (choosing p = 1, W = \M\/2, C = 1/8, u = and r = 0) we attain the 
growth bound for this kernel. 
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On the other hand, the gradient estimate is achieved by using Lemma [4. II (specified to K = 
and \l\ = 0, r = ej or £ = ej, \r\ = 0, j = 1, . . . , n) and Lemma [4~2l (with p = 1, W = \M\/2, 
C = 1/8, u = 1 andr = 0). D 

Proof of Proposition 0T5J: £/ie case of S^ij (x,y). We first deal with the growth estimate. Using 
Lemma |4. 11 and then Lemma 14.51 we infer that 



•M,+ / 



9t <WGt (x,y) 

< \^ ( x + 2 )2£-a E +»7-C^ y 2£-/3£+j?-pj? i -(n/2+|A|+|r 7 |+2|e|)-K-|iW'|/2+(|Q :E |+|C»7l+l/9£|+lwl)/2 



£ ,C,P6{0,1}" 
a,/3e{0,l,2} r 



x / exp 



16* 



dO A _ 



■V+l+e 



oo, 



provided that (z, i) G A Now an application of the estimate 



(4.7) 



\(x + z) K \<(x + Vil) K < ^2 x K ~ T t^ 2 , xeM™, CM) €4 



0<T<K 



where k G N n is fixed, gives the bound 
?f^ M ,xG t A '"' + (x,y)| 



< 



E E 

e,C,pe{0,l}" 0<r<2e-Q!£+»7-C»7 
a,j9e{0,l,2}" 



x 2e-ae+ V -~Cn-T y 2e~f3e+ V ~p Vt -(n/2+\\\ + \ v \+2\e\)-K-\M\/2 



(4.8) 



x t (|ae| + |Cij|+|/9e|+|pf?|+|T|)/2 



exp 



■—) 
16*7 



dO 



A+77+l+e 



w, 



for (z,£) E A Using sequently this estimate, Lemma [4.61 and then Lemma [4.21 (taken with]? = 2, 
W = IK + \M\, C = 1/16, u = 0) we arrive at the desired bound. 

Next, we show the first smoothness estimate. More precisely, we will show (|2.T|) with any fixed 
7 £ (0, 1/2] satisfying 7 < mini<fc< n (Afc + 1/2). To proceed, it is natural to split the region of 
integration A into four subsets, depending on whether x + z, x' + z are in K™ or not. We define 

A x = {(z,t) £A:x + z£Rl,x' + z £Rl} , A 2 = {(z,t) € A : x + z € R£,a/ + 2 £ W^} , 
A 3 ={(z,t)eA:x + z^Rl,x' + zeM. r l}, A 4 ={(z,t) eA:x + z<£Wl,x' + z<£Wl}. 

The analysis related to A4 is trivial and the case of A3 is analogous to A2, thus we analyze only 

two cases. 

Case 1: The norm related to L 2 (Ai,t 2K+ l M l _1 dzdt). By the triangle inequality 

df ^M,xG t A '"' + (x, y ) ^~ A (x,M) - ^W G t ,,,+ ( x . V) 



< 



9 t ^r),M,xG t '' ? ' 



X=X+2 



X=X'+Z 



y/E\{x',Z,t) 



Kv,+ i 



c\%,A f , x G^(x,y) 



y/E X (x',Z,t) 



+ 



d t | 5i|,m,xG('''' 



( x >y) 



^E x {x,z,t) - ^E x {x',z,t) 



= h{x,x',y,z,t) +I 2 (x,x',y,z,t). 

We will treat I\ and I2 separately. An application of the Mean Value Theorem and then succes- 
sively Lemma [4. 11 Lemma [4. 51 (14. 6ft . Lemma [4. 3 1 twice (first with z = 9 and then with z = x\/ x') 
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and (|4.7p gives 



h(x,^,y,z,t) < \x-x'\ Y^j 



E 



(x V x / ) 2e ~ a£+r, ~^ r, ~ T y 2e ~ l3£+ri ~ pri 



£,C,p6{0,l} n 0<T<2e-ae+r]-(r] 
a,/3g{0,l,2} n 

xt -(n/2+|A|+|fl|+2|B|)-Jir-|M|/2-l/2+(|ae|+|C»?l+l/9e[+|p»7|+|T|)/2 



x / exp 



256t 



G^ A +» ? +l+e (s) y/E\(x',Z,t), 



provided that (z,t) £ ^4i and |x — y| > 2|x — x'\. Combining this with Lemma 14.61 Lemma |4, 2 
(specified to p = 2, W = IK + \M\, C = 1/256, u = 1) and Lemma WM (with 7 = 1 and 
2 = x V x') leads to the required bound for I\. We now focus on I 2 - Using the estimate (|4.8p 
and Lemma [4.71 we get 



(4.9) 



I 2 (x, x ,y,z, t)\\ L 2^ Al]t 2K+\M\-l dzdt ^ 

E E 



< 



\x — X 



'I" 



x 2e-ae+r]-(r]-T 2e-/3e+ri-pri 



£,C,p6{0,l} n 0<T<2e-ae+r)-(ri 
a,/3e{0,l,2}™ 

.( n /2+|A|+|rj|+2| e |)-K-|M|/2-7/2+(|a e |+|Cr?H-|^|+| W |+|T|)/2 



X / GXP ("4) ^ + " +1 ^ (s) llL 2(t - + l«l- ldi ) 

This, with the aid of Lemma [4.2l (taken with p = 2, W = 2K +\M\, C = 1/16, u = 7), completes 
the analysis associated with A\. 

Case 2: The norm related to L 2 (A 2 ,t 2K+ l M l- 1 dzdt). Since S^~(x',y) = 0, our task is to 
show that 

(4.10) II^m + (^)IIl W *+i-i-^) S (^j 1 ) 7 ^^^-!/!)) ' 

for |x — y| > 2|rc — x'\. By means of the estimate (|4.8p and Lemma 14.81 we see that 

II^M ( X '2/)llL 2 (A 2 ,t 2A '+l M l- 1 d^t) 



< 



X — X 



'n 



E 



E 



x 2e-ae+ri-GT)-T 2e-/3e+T)-frri 



e,C,p£{0,l} n 0<T<2e-ae+r)-(r) 
a,/3e{0,l,2}" 

xi -X--|M|/2-7/2+(|os|+|C»j|+|j9e|+|H+|T|)/2 



t -(n/2+|A|+|T,|+2|e|) 



~16t) dn ^+V+^-+e( s ) 



L 2( t 2K+\M\-l dt ) 



The right-hand side here coincides with the right-hand side of (14.9p . and (I4.10p follows. 

We now focus on the second smoothness condition (|2.8p . We prove it with 7 = 1. Using the 
Mean Value Theorem, and then sequently Lemma [4. 1} Lemma [4. 5 1 Lemma [4 . 3 1 twice (with z = 9 
and z = y V y') and f|4.T[) we obtain 



df<V M ,xGi (x,y) 



A,r?,+ / 



lx=X+2 



<9 f 6r,,M,x&t 



( x >y) 



X=X+2 



X /5 A (X, Z, t)X{ x+z£ -R.n} 



< 



\y-y'\ Yl 



e,C,pe{0,l} n 0<T<2e-ae+r)-(r) 
a,/3e{0,l,2}" 



xt -|M|/2-l/2+(|aB|+|C^|+|j9e|+| W |+|T|)/2 



V^ x 2e-ae+r,-C,r,-T^ y y y ,^2e-l3e+r,-pr, t -{n/2+\\\+\r l \+2\e\)-K 

q(x,yVy',s)' 



cxp 



256t 



dQ 



X+rj+l+e 



w 
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X a/ S A<£, Z, t)X{x+z£Rl}, 

for (z,t) £ A and \x — y\ > 2\y — y'\. An application of Lemma 14.61 Lemma 14.21 (specified to 
p = 2, W = 2K + \M\, C = 1/256 u = 1) and then Lemma IP1 leads directly to the desired 
estimate. 

This finishes the whole reasoning justifying Proposition 12.61 □ 



To prove Proposition ^. 8[ we need Faa di Bruno's formula for the Kth derivative, K > 1, of the 
composition of two functions (see [7] for related references and interesting historical remarks), 



(4.11) Sf(<7o/)(i) = E 



K\ 



(ff* + ~ +k *g) o f(t) 



dlf(t) 



(d«f(t)\ k > 



k x \- ... -k K \ K ~ u > ' JK "'\ 1! ) '" \ K\ ) ' 

where the summation runs over all k\, . . . , kx > such that k\ + 2&2 + • • • + Kkx = K. 

Proof of Proposition \2.£k The reasoning is based on the subordination formula (|2.1ip and a care- 
ful repetition of the arguments from the proof of Proposition 12.61 (the case of S^M ( x ' V))- ^ e 
give the details only in the case of the growth condition (12. 6p , leaving the proof of the smoothness 
bounds to the reader. 



By (|2.1ip and Faa di Bruno's formula ([4. lip applied with g(r) = <L. 
f{t) = t 2 /(4u), we get 
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II 



k 1 +2k 2 =K 

where Cfc 1: fc 2 are constants; observe that this formula works also for K = 0. Using Minkowski's 
integral inequality we may reduce our task to showing that 

r=t 2 /(4u) 

'; 1 ^E x {x,z,t 2 )x{ x+ze «i} 
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X u 
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x=x+z 
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L 2 (r,t 2K + 2 \ M \- 1 dzdt) 



x^y, 



fu ~ w\{B[x, \x-y\)Y 

where k±, k% € N are fixed and such that k\ + 2&2 = K. After the change of variable t 2 *— > t, we 
see that the left-hand side above is, up to a constant factor, equal to 

r=t/(4u) 

V a\(x, z, t) X{x+z&wi ] 



d r fcl+A %, Af , x G^ + (x,y) 



L 2 (A,t k i+ K +\ M \- 1 dzdt) 



X U 
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e u du 



ii 



Proceeding in a similar way as at the beginning of the proof of Proposition 12.61 (the case of 



Sj<?m ( x ->y))i n a me b7 using Lemma [4. 1[ Lemma [4.51 and then (14. 7p . we obtain 
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Since the expression in the right-hand side is independent of z, an application of Lemma 14.61 and 
then the change of variable t/u h-> t gives 

poo 

I < S~^ S~^ / x 2e-ae+ V -(r,-T y 2e-l3e+ V -p Vt -(n/2+\\\+\r 1 \+2\E\)-k 1 -k2-\M\/2 



e,C,p£{0,l} n 0<r<2e-ae+77-C7? 
a,/3e{0,l,2}™ 



x ^(lael+l^l+l^l+lwl+lrD/2 /" exp (_±^ d Q x+v+1+£ ( s ) 



L 2 (t fe l+^+|M|-l dt ) 



u |M|/2+|r|/2 e " /2 ^ 



This together with Lemma [O] (taken with p = 2, W = 2/ci + 2fc 2 + \M\, C = 1/4, u = 0) leads 
directly to the required bound. □ 
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